We develop the equivalence between the two-dimensional Dirac oscillator and the anti-JaynesCummings model within a q-deformed scenario. We solve the Hamiltonian spectrum and the time evolution for number and coherent initial states, focusing on the appearance of the Zitterbewegung effect. We show the lack of preservation of the q-deformed versions of the total angular momentum that reproduces a collapse-revival structure. We provide suitable relations for the non relativistic limit.
I. INTRODUCTION
The introduction and proper combination of suitable physical models provide a significant advance in many different areas of physics. In this work we combine the relativistic Dirac oscillator, the Jaynes-Cummings model, and the idea of q-deformation.
The Dirac oscillator provides a generalization to the relativistic domain of one of the most applied models in classical and quantum physics [1, 2] . This is a notably simple solvable equation, linear both in momentum and position, formally looking as a simple minimal coupling of a charged particle with a magnetic field. Accordingly, it has found applications in nuclear physics, quantum chromodynamics, many-body theories, supersymmetric relativistic quantum mechanics and quantum optics [3] [4] [5] [6] .
This relativistic generalization is accompanied of new effects such as the unavoidable emergences of spin, negative energies and rather unexpected behaviors such as the Klein tunneling and the Zitterbewegung as the result of interference between positive-and negative-energy components. A further key feature, is that the Dirac oscillator contains in itself another germane model in quantum physics: the Jaynes-Cummings model (JC), or, more rigorously, the anti-Jaynes-Cummings version (AJC) [7, 8] . This describes the coupling of a discrete spin-like variable with a bosonic degree of freedom [9] . The powerfulness of the model relies on its simplicity and its capacity to embrace very different physical situations such as lightmatter interaction, dynamics of trapped ions, or BoseEinstein condensates [10] . In particular this model allows to use quantum-optics based technology or trapped ions technology for simulating relativistic quantum mechanics [3, 4] . * Electronic address: maajari@gmail.com † Electronic address: alluis@fis.ucm.es ‡ Electronic address: rezakord@ipm.ir
On the other hand, q-deformation provides a quite simple but rich and powerful enough way to describe complex situations such as electronic conductance in disordered metals and doped semiconductors, phonon spectrum in 4 He, oscillatoryrotational spectra of diatomic and multiatomic molecules [11] [12] [13] . Deformation is accomplished by entering a dimensionless parameter q in normal Weyl algebra. This grants a more general case of the ancient theory at the same time it replicates the primary theory for q = 1. For example, we may say that relativistic quantum mechanics is a q-deformed Newtonian quantum mechanics, where the deformation parameter is the velocity ratio q = v/c. Whenever q tends to zero, relativistic quantum mechanics convert to the Newtonian quantum mechanics.
Thus, in this work we investigate the q-deformed perspective of the interplay between Dirac oscillator and Jaynes-Cummings model following Ref. [14] , both in the relativistic domain and in the non-relativistic limit. In particular we focus on the preservation in the q-deformed scenario of peculiar relativistic features such as the Zitterbewegung effect.
II. THE q-DEFORMED MODEL
Let us present the main results regarding the qdeformation and the equivalence proposed.
A. q-Deformed observables and states A general case of modified Weyl algebra holds as follows [12, 15] :
where the number basis |n is actually defined by the eigenvalue equation
and [n] satisfies this relation [13] :
For q → 1 naturally [n] → n while for q < 1 we have [n] < n, with [n] → 1 as q → 0.
Alternatively to the q-number operator [n] in Eq. (2.3) we can define also an operatorn satisfying the standard commutation relation with a q , i. e.,
We can present two alternative realizations of the qdeformed algebra. On the one hand we have the following differential form for a q 6) where α = − ln q/2 and z is a Cartesian coordinate.
On the other hand, after [15] we may express a q also as
where naturally a = a q=1 . In particular this means that q-deformation implies a highly nonlinear interaction. The degree of nonlinearity may be reduced to more simple levels if q → 1. Thus, considering q = exp(− ), a power series expansion as → 0 leads to
Therefore, from a quantum-optical perspective qdeformation corresponds to optics in nonlinear media [20] . Also, the limit (2.8) recalls the dynamics of trapped ions where a describes the motion of the center of mass, as shown for example in Ref. [21] .
On the other hand, in the opposite limit of large nonlinearity q → 0 we get
so that
This is to say that in this limit a q becomes the SusskindGlogower phase operator [22] . That is that a q tends to represent the complex exponential of the oscillator phase. Besides the number states (2.3) we consider some analogs of the coherent states defined via the eigenvalue equation [17] : 
with [0]! = 1 and the following relation has been used
These relations hold provided that |α| 2 < 1/(1 − q) as a necessary condition such that the number coefficients in Eq. (2.12) tend to zero as n tend to infinity.
Regarding the number statistics let us show that these state are sub-Poissonian for the q-deformed number operator [n] since
We can introduce the Mandel Q parameter in the qdeformed scenario as 15) so that Q q < 1 ↔ q < 1. On the other hand, regarding the other number operatorn in Eq. (2.5) we have obtained numerically that the q-deformed coherent states (2.12) are always super-Poissonian, that is
This is illustrated in Fig. 1 where we plot both Mandel parameters Q q , Q as functions of |α| 2 for q = 0.25 (solid line) and q = 0.75 (dashed line).
B. The q-deformed Dirac oscillator
The Hamiltonian of the Dirac oscillator in two spatial coordinates x, y is given by [14] 
where m is the rest mass of the electron, ω is the Diracoscillator frequency, c is the speed of light, and a is the left-handed combination of x, y dynamics [3]
Now we can consider the q-deformed version of the above Hamiltonian [14] : 19) or equivalently,
where σ refers to the corresponding Pauli matrices. Alternatively,
(2.21) Within the q-deformed scenario we can define the z components of the orbital L, spin S, and total J angular momentum operators:
22) where the right-handed mode a r,q is defined as with the q-deformed Jaynes-Cummings and anti-JaynesCummings models.
C. The q-deformed JC and AJC Hamiltonians
The JC model is an example of Rabi model in the framework of quantum electrodynamics that presents the coupling of two energy levels, described by the Pauli matrices σ, with an harmonic oscillator, described by the complex-amplitude or annihilation operator a. As two typical realizations the oscillator we can mention a quantum electrodynamic field mode, i. e., photons, or the motion of the center of mass of a trapped ion, that is phonons. This last case is specially interesting since it allows to simulate both JC and AJC models simply by properly selecting the frequency tuning of a laser field illuminating the ion, leading to the AJC and JC Hamiltonians [10] 
24)
where η, η are coupling constant, δ, δ represent detuning, and φ, φ are arbitrary phases. Now we q-deforme these JC and AJC Hamiltonians simply by substituting a, a † by their the q-deformed versions of creation and annihilation operators:
In general terms, q-deformed JC Hamiltonians have been studied in [19] .
D. Equivalence
A readily inspection of Eqs. (2.20) and (2.26) reveals an exact mapping between them if we properly identify the complex-amplitude operators
with the following correspondence of parameters
Alternatively, if we consider explicitly the twodimensional nature of our Dirac oscillator the equivalence reads
with
Next we derive the energy spectrum of the q-deformed Dirac oscillator H D q . The spectrum must be calculated from scratch since the commutation relations have changed in comparison with the q = 1 case. The qdeformed time-independent Dirac equation is: 
we get that Eq. (3.1) is equivalent to the pair of equations
We have a readily solution with E = E 0 = mc 2 , |ψ 2 = 0, and |ψ 1 = |0 , that is
Whenever E = mc 2 combining Eqs. (3.3) we get :
and we recall that in terms of q-deformed number operators [n] = a † ,q a ,q and [n + 1] = a ,q a † ,q . From the above equations the energies can be easily obtained as follows:
for natural numbers n = 0. The positive and negative of the energy eigenstates | ± E n are:
2En |n ∓i
The above result can be rewritten in terms of the eigenstates of σ z , |χ ↑ = (1, 0) † and |χ ↓ = (0, 1) † as:
where c ± are:
Let us present an alternative picture of this diagonalization and time evolution as an interference effect [4] . To this end we express the total Hilbert space as direct sum of one-and two-dimensional subspaces as
where the subspaces H n are defined as: 
This is equivalent to
where tan(2θ n ) = 4ξ [n] . Thus the unitary time evolution operator within each subspace H n is given by:
This allows us to interpret the whole process as a series of Mach-Zehnder interferometers in parallel, one for each subspace H n . In this picture the basis vectors |n |χ ↑ , |n − 1 |χ ↓ play the role of input/output beams, the operators exp(±iθσ x ) play the role of input/output beam splitters, while exp(−iE n tσ z / ) represents the phase difference acquired within the two arms of the interferometer. In other words, the beam splitters provide the eigenstates of the Hamiltonian, while the phase difference is given by the eigenvalues. This also allows suitable simple expressions regarding the approximations involved in the non-relativistic limit to be considered below.
IV. ZITTERBEWEGUNG EFFECT
The Zitterbewegung effect is a trembling motion of relativistic particles that occurs due to the interference between positive and negative energies [16] . Here we want to investigate this effect for the following q-deformed initial state:
for n ≥ 1. The evolution of this state can be obtained by:
where
is the frequency of Zitterbewegung oscillation. The oscillation can be well appreciated for example in the mean value of the spin and angular momentum operators (2.22):
and
6) or, equivalently,
Several interesting features can be noticed in these results: i) As an interference effect we can note that the visibility of the time evolution on L z and S z depends on q explicitly as well as implicitly thorough the factor [n].
Since q ≤ 1 and [n] ≤ n we get that the visibility for q = 1 is lesser than in the undeformed case q = 1. So q-deformation diminishes the effect. ii) At difference with the undeformed case q = 1, in the q-deformed scenario J z is not constant of the motion except for n = 1, as clearly shown in Eqs. (4.6) and (4.7). This is because after the commutation relation (2.1)
iii) We can recover the constancy of J z provided that we consider an alternative expression for L z , this is that L z ∝ − n, wheren is defined in Eq. (2.5). Now the commutation relation (2.5) grants that [H D q , J z ] = 0 and J z is a constant of the motion as in the undeformed case.
As a further example of Zitterbewegung we continue by considering a coherent initial state (2.12) so that |ψ 0 = |α |χ ↓ leading to
[n]! q n S n+1 (t), (4.8)
[n]! S n+1 (t), (4.9)
10) where
All above quantities satisfy the proper q = 1 limit, and in particular we have that J z t is constant for q = 1. On the other hand, for q = 1 these expressions have the typical structure leading to an scenario of collapse and revivals [20] . This is clearly shown in Fig. 2 .
V. NON-RELATIVISTIC LIMIT
Since typically ξ[n] mc 2 it is worth checking the non relativistic limit of the Dirac oscillator, and for that we may use the quasi degenerate perturbation theory [18] . In this spirit and given that we know the exact solutions for energies (3.7) and states (3.8), the non relativistic limit can be achieved from a series expansion in powers of ξ. For the first order on ξ of the eigenvalues we get:
while the order ξ 0 of the eigenvectors is
Thus, within this level of approximation we have
3) This result is quite natural since from an optical perspective the condition ξ[n] mc 2 actually means a very large detuning. In such a case there is no real exchange of photons or phonons and there is just a shift of levels caused by virtual exchanges. Alternatively, from the interferometric perspective in this limit the beam splitters exp(±iθσ x ) are replaced by the identity and the phases are approximate linearly in ξ.
A. Zitterbewegung in the non-relativistic limit Lets peruse the existence of Zitterbewegung in the nonrelativistic limit. We can examine it in several steps. On the one hand, after the form (5.3) for the effective Hamiltonian we get that in this non-relativistic limit
so that S z and L z are constants of the motion and display no Zitterbewegung in this strict limit.
As a further alternative we may examine the evolution of more sophisticated observables such as say M = σ − a ,q + σ + a † ,q . Since the key point of this effect is the interference between negative and positive energies, after Eq. (5.2) we have that the initial state must be different from (4.1). Thus let us consider instead for example the following initial state:
where c ↑,↓ are real constants. It's time evolution results in:
where here ω n = mc 2 (1 + 2ξ[n])/ . So we may easily calculate M leading to
displaying the desired oscillating fully analogous Eqs. (4.4) to (4.6).
On the other hand we may consider also further corrections to the non-relativistic limit. For example, regarding Zitterbewegung we may consider the same initial state (4.1) including also the first approximation in powers of ξ in exp(±iθσ x ), leading to
(1 − q n−1 ) sin 2 (ω n t) , (5.8) for the same ω n above.
VI. CONCLUSIONS
We have shown that the equivalence between the two-dimensional Dirac oscillator and the anti-JaynesCummings model extends to a q-deformed scenario. After this fundamental equivalence we have investigated from first principles the Hamiltonian spectrum and time evolution for initial number and coherent states, focusing on the appearance of the Zitterbewegung effect. We have highlined the algebraic modifications introduced by the q-deformation. In particular we have shown the lack of preservation of the q-deformed versions of the total angular momentum. Actually we have shown it leads to a time evolution mimicking the well-known collapserevival structure of the population inversion or spin in standard undeformed Jaynes-Cummings model. Moreover, we have provided suitable relations for the non relativistic limit.
where r i=x,y = x, y, while for the A JC Hamiltonian (2.26): 
